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We investigate future constraints on primordial local-type non-Gaussianity from 21 cm angular
power spectrum from minihalos. We particularly focus on the trispectrum of primordial curvature
perturbations which are characterized by the non-linearity parameters τNL and gNL. We show
that future measurements of minihalo 21 cm angular power spectrum can probe these non-linearity
parameters with an unprecedented precision of τNL ∼ 30 and gNL ∼ 2 × 103 for Square Kilometre
Array (SKA) and τNL ∼ 0.6 and gNL ∼ 8×102 for Fast Fourier Transform Telescope (FFTT). These
levels of sensitivity would give significant implications for models of the inflationary Universe and
the origin of cosmic density fluctuations.
PACS numbers: 98.80.-k, 98.80.Bp, 98.80.Cq
Introduction.— Primordial non-Gaussianity is one of
the most important quantities to probe the inflationary
Universe and the origin of density fluctuations. Its exis-
tence inevitably indicates an inflationary model beyond
the standard single-field inflation such as the existence
of multiple fields, noncanonical kinetic term, deviations
from the initial Bunch-Davies vacuum and so on (see,
e.g., Ref [1–3] for reviews and references therein). Non-
Gaussianities can be characterized by bispectrum B and
trispectrum T , which are defined by connected part of
three point and four point functions of the primordial
curvature perturbation Φ(~k):
〈
Φ(~k1)Φ(~k2)Φ(~k3)
〉
= (2pi)3B(~k1,~k2,~k3)δ(~k1 + ~k2 + ~k3),
(1)〈
Φ(~k1)Φ(~k2)Φ(~k3)Φ(~k4)
〉
conn
= (2pi)3T (~k1,~k2,~k3,~k4)δ(~k1 + ~k2 + ~k3 + ~k4).
(2)
For the case of the so-called local-type non-Gaussianity,
we can expand Φ as [4]
Φ(~x) = ΦG(~x)+fNL(ΦG(~x)
2−〈ΦG〉2)+gNLΦG(~x)3, (3)
and the bispectrum and the trispectrum are given by
B(~k1,~k2,~k3) = 2fNL[PΦ(k1)PΦ(k2) + (2 perm)], (4)
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T (~k1,~k2,~k3,~k4)
= 6gNL[PΦ(k1)PΦ(k2)PΦ(k3) + (3 perm)]
+
25
9
τNL[PΦ(k1)PΦ(k2)PΦ(k13) + (11 perm)], (5)
where PΦ(k) is the power spectrum of Gaussian part of Φ
and k13 ≡
∣∣∣~k1 + ~k3∣∣∣. The parameters fNL and gNL corre-
spond to the amplitude of bispectrum B and trispectrum
T normalized by P 2Φ and P
3
Φ, respectively. Besides, τNL
is another parameter which characterizes the size of the
trispectrum for a different configuration of wave numbers.
To date, cosmic microwave background (CMB) ob-
servations give the most severe constraint on non-
Gaussianities. The current best constraints on fNL and
gNL are given by the Planck 2015 result as fNL = 0.8±5.0
and gNL = (9.0± 7.7)× 104 at 1σ [5], whilst the one for
τNL is given as τNL ≤ 2800 at 95% C.L. by the Planck
2013 result [6]. Although the constraint on fNL is rela-
tively severe, the ones for the trispectrum, τNL and gNL,
are rather weak and do not give meaningful information
for models of the inflationary Universe. However, the
trispectrum is potentially very important to differenti-
ate inflationary models since they provide a consistency
check of the models. In fact, when the source of pri-
mordial fluctuations originates from a single field, τNL
in Eq. (5) is related to fNL by τNL = (36/25)f
2
NL [7].
However, on the other hand, when primordial fluctua-
tions are generated from multiple fields, the above rela-
tion becomes an inequality τNL ≥ (36/25)f2NL, which is
the so-called Suyama-Yamaguchi inequality [8], and this
inequality has been shown to be valid under a quite gen-
eral assumption [9, 10] which are satisfied in almost all
models of primordial fluctuations suggested so far. In any
case, the deviation from the relation τNL = (36/25)f
2
NL
would give significant implications for the inflationary
Universe and hence checking this relation is very impor-
tant, where the information of the trispectrum is essen-
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2tial. Furthermore, even if the amplitude of the bispec-
trum fNL is small, the trispectrum can be large in some
models [11, 12]. In this regard, it would be worth in-
vestigating to what extent we can probe the trispectrum
in future observations. We in this paper study expected
sensitivities for the non-linearity parameters, particularly
focusing on τNL and gNL from future 21 cm line fluctua-
tions from minihalos by adopting Fisher matrix analysis
for its angular power spectrum.
Redshifted 21 cm line emission/absorption is the
unique probe of cosmic neutral hydrogen in the dark ages.
By observing its fluctuations, we can extract cosmological
information from unexplored redshifts with an unprece-
dented volume [13]. Following the recent detection re-
ported by EDGES [14], upcoming Square Kilometre Ar-
ray (SKA) [15] will be measuring the 21 cm fluctuations
which is expected to enhance our understanding of the
early Universe [16]. The feasibility study to constrain the
primordial non-Gaussianity parameters through 21 cm
observations has been performed with considering the
various aspects of 21 cm signatures of the primordial
non-Gaussianity [17–21]. In this paper we particularly
focus on the 21 cm line fluctuations from the so-called
minihalos [22–25], which are halos so small that its virial
temperature is not high enough to activate star forma-
tion inside. While much attention has been paid to the
21 cm fluctuations from smoothed intergalactic medium,
minihalos are expected to contribute predominantly at
low redshifts near the completion of the cosmic reioniza-
tion. With its abundance being sensitive to density fluc-
tuations at sub-Mpc scales, 21 cm line fluctuations from
minihalos enable us to probe primordial perturbations at
a wide range of scales [26].
21 cm angular power spectrum from minihalos.—
Given a line of sight nˆ and a redshift z, fluctuations in
the differential brightness temperature δ∆Tb(nˆ, z) from
minihalos is given by [22, 24, 25]
δ∆Tb(nˆ, z) = ∆Tb(z)δh(~x = r(z)nˆ, z), (6)
where ∆Tb is the mean differential brightness temper-
ature and δh is the fractional overdensity in the mini-
halo number density. Note that, in Eq. (6), we omitted
the redshift-space distortion, which will be incorporated
shortly later. On large scales, δh is linearly related to the
matter overdensity δ in the Fourier space as
δh(~k, z) = β(k, z)δ(~k, z), (7)
where β is the effective bias of minihalos with respect to
the underlying matter density fluctuations δ. The bias β
is given by [22]
β(k, z) ≡
∫ Mmax
Mmin
dM
dn
dM
F(z,M)b(k,M, z)∫ Mmax
Mmin
dM
dn
dM
F(z,M)
, (8)
where b(k,M, z) is the bias of minihalos with mass M ,
F(z,M) is a flux from a single minihalo and dn/dM is
the mass function of minihalos. The halo matter power
spectrum can be given by
Phh(k; z, z
′) = β(k, z)β(k, z′)D(z)D(z′)Pδδ(k), (9)
with D(z) being the growth factor at z normalized to
unity at z = 0, where the the matter power spectrum
Pδδ(k) is measured.
In the presence of the local-type non-Gaussianity,
the local number density of halos is modulated by the
long-wavelength fluctuations. This leads to the scale-
dependence in the halo bias at very large scale. The de-
viation in b(k,M, z) (in β(k, z)) from the Gaussian case
is given by [27–32]
∆b(k,M, z) ≈ {bf (M, z)fNL + bg(M, z)gNL}
α(k, z)
, (10)
α(k, z) ≡ 2k
2T (k)D(z)
3ΩmH20
, (11)
where T (k) is the transfer function, Ωm is the density pa-
rameter for total matter and H0 is the Hubble constant.
We use the following expressions for bf and bg [30]:
bf (M, z) = 2[b0(M, z)− 1]δcr, (12)
bg(M, z) = κˆ3
[
−1 + 3
2
(ν − 1)2 + 1
2
(ν − 1)3
]
+
dκˆ3
d log σ
(
ν − ν−1
2
)
, (13)
where δcr ' 1.67, ν = δcr/σ, and we denote the root mean
square of matter density fluctuations smoothed over a
top-hat volume enclosing mass M by σ. Here, b0(M, z)
is the Gaussian linear bias and κˆ3 is the (reduced) third
order cumulant defined by fNLκˆ3 ≡ 〈δ3〉/σ3:
κˆ3 =
6
σ3
∫
d3k1
(2pi)3
d3k2
(2pi)3
WM (k1)WM (k2)WM (k12)
×Pδδ(k1)Pδδ(k2)α(k12)
α(k1)α(k2)
, (14)
with WM (k) being the window function corresponding
to a mass M . For the purpose of demonstration, in this
paper we adopt the Sheth-Tormen mass function [35] in
computing the minihalo abundance and its Gaussian lin-
ear bias. Note that here we have neglected effects of the
primordial non-Gaussianity on the mean minihalo abun-
dance, because the effects should not be significant [33]
for the level non-Gaussianity we suppose in this paper.
By taking into account the redshift space distortion at
linear level (i.e. the Kaiser effect [34]), the fractional over-
density of minihalo abundance in redshift space (denoted
with δsh) is given by
δsh(
~k, z) = δh(~k, z) + f(z)µ
2δ(~k, z), (15)
3where f(z) = d lnD(z)/d ln a and µ = kˆ · nˆ is the cosine
between ~k and the line of sight nˆ.
So far, we have been adopting the exact form of Eq. (3)
for Φ and this results in a term proportional to f2NL in the
expression of Eq. (9). In general, multiple sources con-
tribute to non-Gaussianity and in such a case one needs
to replace f2NL with (25/36)τNL. Finally, we obtain the
following expression for the minihalo power spectrum in
the redshift space as
P shh(k; z, z
′) ≈
[
{β0(z) + f(z)µ2}{β0(z′) + f(z′)µ2}+ ∆β(z)
α(k, z)
{β0(z′) + f(z′)µ2}
+{β0(z) + f(z)µ2}∆β(z
′)
α(k, z′)
+
36
25
τNL
βf (z)βf (z
′)
α(k, z)α(k, z′)
]
D(z)D(z′)Pδδ(k), (16)
∆β(z) = βf (z)fNL + βg(z)gNL, (17)
where β0, βf and βg are obtained by replacing b(k,M, z)
in Eq. (8) with b0, bf and bg, respectively. Note that
here we have omitted terms proportional to fNLgNL or
g2NL since they would give minor contributions.
In the same manner as in Ref. [26], we define the to-
mographic angular power spectrum of the 21cm line fluc-
tuations from minihalos, C
(21cm)
l (z, z
′) by
〈alm(z)al′m′(z′)〉 = C(21cm)l (z, z′)δll′δmm′ , (18)
alm(z) ≡
∫
dnˆ δ∆Tb(nˆ, z)Y
∗
lm(nˆ). (19)
Forecasted constraints.— We perform the Fisher ma-
trix analysis to obtain forecasted constraints on fNL, τNL
and gNL. Details of the computation of the Fisher matrix
of 21 cm line and CMB angular power spectra are pro-
vided in our previous paper [26]. Specifications of surveys
adopted in this paper are summarized in Tables I [37, 38]
and II [15, 39]. In our baseline analysis, the maximum
and minimum redshifts where minihalo can be observed
are set to zmax = 20 and zmin = 6, respectively. Since
zmin can sizeably affect the forecasted constraints, we also
examine the dependence of our results on zmin. In ad-
dition to the angular power spectra of CMB and 21 cm
line, we also include the CMB temperature bispectrum
and trispectrum. We compute the CMB Fisher matrix of
the non-linearity parameters based on [4, 40, 41], neglect-
ing the correlation between gNL and τNL for simplicity.
The expected 1σ errors based on the Fisher matrix
analysis are summarized in Table III. In Fig. 1, pro-
jected constraints are shown on the fNL–gNL, fNL–τNL
and gNL–τNL planes. For reference, the current 2σ con-
straints on τNL and gNL are also shown by shade for the
excluded parameter space. In the fNL–τNL plane, the line
of τNL = (36/25)f
2
NL and the region where the Suyama-
Yamaguchi inequality does not hold are also shown. As
seen from the figure, future observations of 21 cm angu-
lar power spectrum can much improve constraints on the
non-linearity parameters, by a few orders of magnitude
compared to the current ones. Even compared with fu-
ture CMB observations, the sensitivity is better already
at the level of SKA. With the specification of FFTT,
we can obtain unprecedented sensitivities particularly for
τNL and gNL.
In Fig. 2, regions where the consistency relation τNL =
(36/25)f2NL can be excluded at 1σ are shown for COrE,
SKA and FFTT alone analysis are shown. For the fidu-
cial values of fNL and τNL above each solid line and below
each dashed line, we can confirm that the consistency re-
lation does not hold at 1σ. For reference, we also show
predictions of some models (see [11, 12] for details of the
models) in the same figure.
In Table IV, we summarize the dependence of the
constraint on zmin in the cases of SKA+Planck and
COrE+FFTT. As the reionization proceeds, minihalos
start to be ionized by background UV and host stars by
molecular hydrogen cooling. Therefore there exists a the-
oretical uncertainty in the determination of zmin. How-
ever most of minihalos can survive until the late stage
of the reionization process (z ∼ 8) [42, 43]. We in this
paper adopt zmin = 6 as a fiducial value, which could be
allowed depending on reionization models.
Discussion.— As shown in Table III, future observa-
tions of 21 cm fluctuations can probe the non-linearity
parameters, particularly those for trispectrum as τNL ∼
30 and gNL ∼ 2 × 103 for SKA and τNL ∼ 0.6 and
gNL ∼ 8× 102 for FFTT. As mentioned in the introduc-
tion, some inflationary models can generate a large value
of gNL while keeping fNL small [11, 12]. Such models can
be excluded once we obtain the above level sensitivity
in future observations. Moreover, even if fNL and gNL
are severely constrained, we still cannot differentiate be-
tween single-field and multi-field models. Nevertheless,
if we can also probe τNL with a good sensitivity, we will
be able to test models by looking at the consistency re-
lation: the equality τNL = (36/25)f
2
NL is satisfied for a
single-field model, while the inequality τNL > (36/25)f
2
NL
holds for multi-field models. As examples of multi-field
models, we show the predictions of the fNL–τNL relation
for ungaussiton model [7, 44], mixed curvaton and infla-
4Planck COrE
band frequency [GHz] 100 147 217 105 135 165 195 225
beam width ∆θ [arcmin] 9.9 7.2 4.9 10.0 7.8 6.4 5.4 4.7
Temperature noise ∆T [µK arcmin] 31.3 20.1 28.5 2.68 2.63 2.67 2.63 2.64
Polarization noise ∆P [µK arcmin] 44.2 33.3 49.4 4.63 4.55 4.61 4.54 4.57
TABLE I: Specification of CMB surveys.
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FIG. 1: Expected 2-dim constraints on the nonlinearity parameters assuming zmin = 6. Shaded region is excluded by current
observations (see text for details).
SKA FFTT
total effective area Atot [m
2] 105 107
bandwidth ∆ν [MHz] 1
beam width ∆θ [arcmin] 9
integration time t [hour] 1000
TABLE II: The survey specifications for 21 cm observations
dataset ∆fNL ∆gNL/10
3 ∆τNL
CMB alone
Planck 4.0 41 610
COrE 2.0 18 160
SKA 1.4 2.3 28
+Planck 1.3 2.3 28
+COrE 1.1 2.2 27
FFTT 0.51 0.79 0.59
+Planck 0.50 0.78 0.58
+COrE 0.48 0.75 0.58
TABLE III: Constraints on fNL, gNL and τNL at 1σ with
other parameters being marginalized over.
ton model [45–49] and mixed modulated reheating and
inflaton model [8, 52] in Fig. 2. As seen from the figure,
SKA can differentiate mixed models when |fNL| > 2.
With the sensitivity of FFTT, even when fNL < O(1),
we can differentiate multi-field nature of the model.
As demonstrated in this paper, future observations of
21 cm angular power spectrum from minihalo would be
zmin ∆fNL ∆gNL/10
3 ∆τNL
Planck+SKA
4 1.0 0.93 26
6 1.3 2.2 28
8 2.2 8.1 33
10 3.8 14 58
COrE+FFTT
4 0.38 0.58 0.56
6 0.48 0.75 0.58
8 0.63 0.98 0.61
10 0.83 1.2 0.67
TABLE IV: zmin-dependence of the constraint on fNL, gNL
and τNL.
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FIG. 2: Regions where the consistency relation τNL =
(36/25)f2NL can be excluded at 1σ.
a powerful tool to probe primordial non-Gaussianity, es-
pecially the trispectrum. By using this probe, we can
further elucidate the mechanism of the inflationary Uni-
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